There have been many attempts to develop expressions for thermal conductivity (λ) as a function of liquid content (θ ) in granular media such as powders, gravel and soil. We present a new approach based upon a cubic array of solid spheres, with liquid capillary bridges surrounding the solid-solid contacts. Numerical results agree with analytical solutions for the endpoints. For small filling angles (low liquid contents, such that menisci do not coalesce) and for a fixed conductivity ratio α ≡ λ solid /λ liquid = λ liquid /λ gas , we find a simple relationship λ(θ) = λ(θ = 0) + aθ b , where the prefactor and exponent are simple functions of α. The power-law relationship also holds for compressed spheres, if the dry conductivity λ(θ = 0) is adjusted for the new porosity. While the results are not trivially applicable to real granular media, they provide a quantitative explanation for the observed phenomenon in soils of the rapid rise in conductivity caused by the addition of a small volume of liquid.
Introduction
There have been many attempts, both empirical and analytical, to develop expressions for thermal conductivity (λ, W m −1 K −1 ) as a function of liquid volume fraction (θ , m 3 liquid m −3 total) in granular media such as powders, gravel and soil. Thermal conductivity of moist powders is of interest in many industrial processes. The thermal conductivity of soil affects the partitioning of solar energy between heating the soil and transferring heat to the atmosphere, so it is of interest to atmospheric scientists. Additionally, engineering applications such as ground-coupled heat pumps for heating and cooling, and heat dissipation from buried power lines, require accurate prediction of λ(θ ). This paper presents a new approach to estimating the dry end of the λ(θ ) function. The current implementation assumes that the relative conductivities of the components have the order λ gas < λ liquid < λ solid , as is true of thermal conductivity in many systems. We assume that the liquid perfectly wets the surface of the solid (wetting angle = 0), a case approximated by many natural systems, and that liquid film sorbed to the spheres' surface can be ignored. We do not address heat transfer by radiation and convection, which would be negligible at the scales (<1 mm) and thermal gradients of general interest.
An obvious first approximation of λ(θ ) is to treat the medium as a composite of air, water, and solid. Composite approximations (e.g. Cosenza et al 2003 , Kohout et al 2004 often work well at the wetness extremes: for example, the solid phase makes up about 50% of a soil, water's thermal conductivity is about 20 times that of air, and saturated soil has about 10 times the thermal conductivity of dry soil. But composite approximations generally give a linear interpolation between the extremes. This is at variance with the strongly non-linear measured values of λ(θ), which often show a small threshold at the dry end, a steep increase at low water contents, then a more gradual increase at higher water contents (e.g. Leong 2000, Lu et al 2007) . This paper is concerned with the region of steep increase, called the transitory meniscus domain (Tarnawski and Gori 2002) because it is characterized by menisci bridging the thermal gaps between neighbouring grains.
Studies of conductivity in composite materials may be classified as either constrictive or predictive. Constrictive approaches focus on constraining the solution. The outermost or Wiener bounds are defined by considering the N components, each with volume fraction f i , to be either in series (harmonic mean; 1D, coordination z = 2) or in parallel (arithmetic mean; z = ∞):
More restrictive are the Hashin-Strickman bounds (1962) , derived for composites that are macroscopically homogeneous and isotropic, and Milton's (1981) bounds derived from threepoint correlation functions. Predictions falling outside the Milton or Hashin-Shtrikman bounds may indicate a strongly non-random arrangement of components within the composite; those falling outside the Wiener bounds necessarily result either from an error or from some interaction (e.g. a chemical reaction) between components. Predictive approaches are better known than constrictive ones. The geometric mean is often used, but it is only appropriate in 2D cases (Bierkens and van der Gaast 1998) . For three dimensions, the geometric mean underpredicts the effective conductivity while the arithmetic mean overpredicts it, so power-law averaging is sometimes used (Scheibe and Yabusaki 1998) .
One useful conceptual model for granular media is a regular lattice of spheres, with spheres having point contacts with their neighbours.
Because electrical conductance, thermal conductance, diffusion and magnetic permittivity (among others) are mathematically interchangeable, packed sphere approaches to estimating conductivity have appeared in a variety of guises. Many methods derive from Maxwell's (1873) work on the electrical conductance of a uniform matrix with diffuse, randomly placed spherical inclusions, where the matrix and inclusion conductivities differ. Burger (1919) generalized Maxwell's approach to ellipsoidal particles; Burger's formulation was adapted to soils by de Vries (1963) and is still widely used in the earth sciences today.
For random (unstructured) 3D composites, Bruggeman (1935) extended Maxwell's theory by eliminating the requirement that one of the components be the matrix (or host, or continuous) phase. Considering the entire composite to be the matrix within which each component is embedded, he derived an implicit formula for the effective conductivity λ * :
A similar effective medium theory (EMT) was developed by Kirkpatrick (1973) for resistor networks, the main difference being that Kirkpatrick's theory includes a coordination term:
Equations (2) and (3) McPhedran and McKenzie (1978) . Numerical results from this method are similar to those given by Sangani and Acrivos (1983) , Moosavi et al (2003) and Torquato and Rintoul (1995) . A review of the field was recently published by Milton (2002) .
Because the approaches mentioned above are for random (unstructured) composites, they may not seem suitable for describing conductivity in granular media which have some internal structure (e.g. soils). However, we conjecture that the structure that is important to thermal conductivity in 3-phase granular materials is not the large-scale structure, but rather the arrangement of solid, gas and liquid at the scale of the individual grains. Here we address the common case of a wetting and a non-wetting fluid, corresponding to water and air in most geological porous media. When water is slowly added to a dry sand, it will first satisfy the surface sorption capacity of the particles (Tarnawski and Leong 2000) ; further water will collect at particle-particle contacts to form capillary bridges (also called pendular rings) (Rose 1958; De Bisschop and Rigole 1982) . These bridges (figure 1) enlarge the effective contact between the solid grains-the most conductive phase-and so the effect of the air (the least conductive phase) on conductivity is greatly reduced. When more water is added the capillary bridges coalesce (Dullien 1992) , leaving the enlarged effective contact but also filling pores with water rather than air.
Some textbooks make reference to this enhanced effective contact area at low water contents. For example, Koorevar et al (1983) write '. . . water collects around the contact points . . . [and] . . . forms a very effective 'bridge' for conduction of heat' (p 195). Jury and Horton (2004) give an illustrative explanation: '. . . consider two dry quartz spheres that are in contact with each other. Most of the heat conduction takes place through a relatively small cross-sectional area at the point of contact. However, with the addition of a small amount of water in the wedges at the point of contact, the surface through which heat is conducted increases greatly. . . ' (p 183). But despite such allusions to the phenomenon, the effect of capillary bridges on thermal conductivity has not been critically examined. To our knowledge, Gemant (1950) developed the only predictive model for λ(θ ) based solely on a rudimentary model of capillary bridges between spheres, and his model has seen almost no use. The objective of this study is to advance conceptual understanding of granular media at low liquid saturations by quantitatively examining the contribution to thermal conductivity of capillary bridges.
Methods
Thermal conductivity of a solid sphere-liquid-gas system was examined through finite element modelling (FEM). The system (figure 1) was modelled in cylindrical coordinates, taking advantage of both the planes of symmetry in a cubic lattice, and the axis of symmetry through the centre of individual spheres. The geometry of the problem domain is shown in figure 2(a), where several variables are also defined. Steady state heat flow in the system is described by
where r is radial distance from the centre of the cylinder (m), T is temperature (K), y is height (m) and D is the thermal diffusivity (m 2 s −1 ). The problem was formulated and solved using FreeFEM + + (version 2.81, http://www.freefem.org/). Each configuration was iteratively solved, with the mesh adaptively refined between iterations; final meshes had 25 000-250 000 triangular elements.
The liquid/gas interface was described using the so-called toroidal approximation, which approximates a cross-section of the interface as an arc of a circle of radius r tangent to the solid at the filling angle ψ (figure 2). The toroid is an approximation because the interface, as described by the Young-Laplace equation, must have constant curvature. That is, the difference 1/r-1/q (where q is the distance along the lower plane of symmetry from the axis to the interface; see figure 2) must be constant at each point on the meniscus. The curve of constant mean curvature describing the true surface, the nodoid of Plateau (De Bisschop and Rigole 1982) , inconveniently requires the use of incomplete elliptic integrals. For filling angles 0 < ψ < π/4, the toroidal approximation yields curvature values which are correct to within 0.06%, and filling angle values which are correct to within 1.24% (Mayer and Stowe 2005) . Our calculations showed that the coefficient of variation (CV) of the curvature within a toroid is less than 3% for ψ < π/6, rising to 9.9% at ψ = π/4. We ignored the influence of gravity on the configuration of the interface because it is negligible for many configurations of interest, e.g. particle radius R<1 mm, filling angle ψ < π/4 and fluid densities <2 Mg m −3 . Simulation of a cubic geometry in a cylindrical coordinate system is inherently problematic.
The system's actual behaviour must lie between the predictions given by crosssections (a) extending one particle radius (R) towards a nearest neighbour (NN approximation), and (b) extending √ 2R towards a next-nearest neighbour (NNN approximation) ( figure 3 ). An intermediate cylinder radius of 2R/ √ π gives a cylinder having the same volume as the unit cube (equal-volume approximation).
A more elaborate method, denoted the square-volume approximation, extends the problem domain out the full √ 2R, while replacing the 1/r term in (4) by 1/A(r), where
and S = R( √ 2 − 1). This yields the correct volume, and also correctly weights the problem domain based on distance from the axis of symmetry. For spheres having a diameter equal to the length of the cubic unit cell (i.e. only point contact), FEM calculations using these last two approximations give essentially identical results. Because real granular media have greater-than-point contact, we also examined the effect of compressing the spheres to increase the solid-solid contact. A compressed sphere may be visualized as a spherical balloon inside a cubic box, with the balloon inflated beyond the point at which it just touched the sides of the box. Geometrically, this was accomplished by inserting a layer of half-thickness C into the sphere in all three Cartesian directions ( figure 2(b) ). Keeping the designation R for the curved portion of the compressed sphere, the cubic unit cell has length 2(C + R). The solid particle's roundness (Krumbein 1941 ) P is given by the ratio R/(R + C). A sphere therefore has P = 1 and a cube P = 0.
Thermal conductivity is generally reported as a function of volumetric water content θ, while the literature on menisci and capillary bridges expresses saturation in terms of the filling angle ψ (figure 2). For spheres with a point contact (P = 1), we calculated θ from ψ using Rose's (1958) closedform solution for ψ < π/4. For compressed spheres we assumed the system was radially symmetrical, and calculated the fractional water content as a volume of rotation:
where m = C + R sin ψ is the x-coordinate of the meniscus' contact with the sphere. Setting C = 0 returns values equal to those from Rose's (1958) equation. The solid volume of a unit cell of length 2(R + C) was calculated assuming a more cube-like geometry: Thermal conductivity of the unit cell was calculated for all combinations of listed values (table 1) of conductivity ratio, filling angle and roundness.
Results

Validation of the cylindrical FEM approach
Results from the 2D FEM calculations for two-phase systems (solid plus a single fluid) were compared with analytical results by McPhedran and McKenzie (1978) , with a constant λ fluid = 1. The equal-volume and square-volume approximations were bracketed by the lower prediction of the NNN approximation and the higher prediction of the NN approximation (figure 4). FEM results agreed with McPhedran and McKenzie (1978) for conductivity ratios α ≡ λ solid /λ fluid < 10, but at higher ratios the FEM conductivities exceeded the analytical ones (figure 4). FEM calculations performed in 3D for the same problem geometry (Nieber 2007) agreed with the 2D equalvolume and square-volume approximations.
Maxwell-type analytical expressions such as those of McPhedran and McKenzie (1978) are known to be incorrect when the spheres are nearly or actually touching, and/or when the conductivity ratio is very large. Batchelor and O'Brien (1977) derived asymptotic approximations for these cases. As corrected by Sangani and Acrivos (1983) , the expressions are
where l 2R is the length of the cubic unit cell, and for the simple cubic lattice K 1 = π/2, K 2 = 0.69, and K * 2 = 5.91. Both the equal-volume and square-volume FEM approximations give results which transition smoothly from McPhedran and McKenzie's (1978) of α or 2R/ l, to the asymptotic expressions of Sangani and Acrivos (1983) (figures 4 and 5), justifying their use in this study. Because the square-volume approximation has superior radial distance-weighting, which is important in the FEM calculations involving compressed spheres, its results are used for the remainder of this study. The FEM geometry (figure 2) does not include the four capillary bridges that connect spheres normal to the direction of heat flow. The effect of these bridges was examined for the case of a cylindrical unit cell of radius R and filling angle ψ = π/4. The volume of the lateral capillary bridges is exaggerated in this cylindrical setting, so this test provides an upper bound on the error incurred by omitting these bridges. Adding the lateral bridges increased system conductivity by 0.9% for α = 2, decreasing to 0.3% for α = 20. We conclude that omitting the lateral bridges does not appreciably affect our results.
Effect of capillary bridges
We first examine λ(θ ) for touching, uncompressed spheres at a conductivity ratio α = 20 (figure 6). As expected from their coordination, conductivities predicted using some form of averaging show harmonic mean < geometric mean < Bruggeman < EMT (z = 16) < arithmetic mean. FEM predictions above water contents of about θ = 10 −4 fall on a straight line in logarithmic space, while the other methods all give straight lines in linear space (not shown). The FEM results span about three times the conductivity range of the other models, which show virtually no increase in conductivity at very low water contents. This highlights the importance of capillary bridges in increasing thermal conductivity at low water contents. Furthermore, λ(θ ) being linear in logarithmic space gives it a power-law form when liquid in the system is primarily in the form of capillary bridges. The fit is improved by first subtracting the conductivity at zero water content:
where λ(θ = 0) is given by the greater of McPhedran and McKenzie's (1978) and Sangani and Acrivos's (1983) predictions, the prefactor a = α 1.5 , and the exponent b = 0.092 + (1.75/α).
However, the form of λ(θ ) given in (9) applies only to a subset of the complete range of water contents. At the dry end, for a given α, all curves converge to a common slope as they approach zero liquid content (figure 7). The transition to a non-zero slope occurs at higher water contents for lower conductivity ratios. As a practical matter, let us take R 2 > 0.99 as a criterion for 'linear'. For materials having α > 5.0 (e.g. most geological materials), the power-law approximation applies to water contents θ > 0.2% (figure 7). If instead λ gas = 0 (figure 8), all curves again converge, but to a nonzero slope. This implies that, at extremely low liquid contents, the effect on the system conductivity of adding a small amount of conducting liquid depends mainly on the amount, with the liquid's conductivity being of secondary importance. This is analogous to conductivity near the percolation threshold, where universality of the conductivity exponent implies that conductivity is controlled by the sparseness of conducting pathways rather than by the conductivity of individual links.
The power-law approximation is also limited at the wet end of the curve. Here the issue is not simply that the saturation point does not fall exactly on the line (figure 7). In a cubic lattice of spheres, menisci of a perfectly wetting liquid will coalesce at a filling angle ψ = π/4, resulting in a Haines jump that completely fills the pore (Dullien 1992) . As a result, unless air is trapped and compressed as a bubble in the central pore, a cubic unit cell should never have a water content 0.087< θ < 1 − π/6 (approximately 0.476).
Compression and porosity
When the solid phase is compressed and particles deform, the porosity φ (m 3 m −3 ) decreases. Decreasing porosity has been experimentally found by some to give a linear, by others a logarithmic, increase in dry thermal conductivity (Farouki 1986 ). For each conductivity ratio, we found that the system's dry thermal conductivity increases linearly (R 2 > 0.996) with porosity, over the range 0.24< φ < 0.48. For λ gas = 1.0, dry conductivity as a function of porosity and conductivity ratio is reasonably approximated by the empirical relationship
The conductivity ratio appears as a square, because λ solid /λ gas = (λ solid /λ liquid )(λ liquid /λ gas ) = α 2 . For dry conductivity, the solid fraction 1 − φ is more relevant than the porosity. For a given conductivity ratio, increases in calculated dry conductivity with decreasing φ were in the order arithmetic mean < Bruggeman composite < FEM. We interpret this to mean that compressing the medium increases conductivity both by increasing the volume fraction of higherconductivity solid (which the arithmetic mean and Bruggeman approaches include), and by increasing the area of particleparticle contacts.
When water is added to the compressed spheres, the system has three independent parameters: porosity (or roundness), conductivity ratio and water volume fraction. When the dry conductivity is subtracted from the wet, the difference is again described by a power-law relationship in θ. This implies a generalization of (9):
Optimization indicates that again the prefactor and exponent depend only upon α: a = α 1.54 + 10 −1/α , and b = 0.090 + 1.089/α. When the λ(α, φ, θ = 0) values are known, predictions from (11) differ from the FEM values by no more than 8.3%, with the median absolute difference across all cases examined being 0.5%. When the λ(α, φ, θ = 0) values are unknown, (11) gives a maximum error of 17% and a median absolute difference of 3.7%. Gemant's (1950) model for thermal conductivity in moist granular systems, like ours, considers the structure of the capillary bridge between touching grains. While he did not explicitly derive a power-law relationship, Gemant's model yields power-law behaviour for λ(θ ) at low water contents, and has the exponent decreasing as the conductivity ratio increases. However, Gemant's model yields a decreasing exponent with increasing contact between neighbouring spheres, where our simulations showed the exponent to be essentially independent of contact.
Comparison with other models
Gemant's model also has the power-law relationship getting weaker with increasing contact between spheres, whereas ours tends to strengthen; this difference is likely due to our explicit inclusion of a dry conductivity term (11).
An approach similar to ours was presented by Hu et al (2001) , who numerically evaluated schemes similar to figure 2, but strictly 2D and without particle-particle contact. They used a log-linear function to interpolate between the wet and dry ends,
which has the unfortunate property of assigning negative conductivities when θ/φ < 0.0043. At water contents θ < 0.1, the function can be reasonably approximated by a powerlaw equation (e.g. (9)), with prefactor a = 1.7 and exponent b = 0.5. The cubic cell model Gori 2002, Gori and Corasaniti 2003) divides the λ(θ ) function into discrete domains, depending on the dominant process affecting thermal conductivity at that water content. Within each domain the function may be linear (Tarnawski and Gori 2002) or have positive curvature (Gori and Corasaniti 2003) , so it does not capture the behaviour seen in our simple sphere/capillary bridge system.
The only experimentally supported power-law description of λ(θ ) of which we are aware is that presented by Singh et al (2001) , based on thermal conductivity of moist soils ranging from coarse sand to clay reported in Singh and Devid (2000) . In all cases, their exponent was less than unity, giving the negative curvature supported by our FEM calculations. We note that λ(θ ) data having the appearance of a power-law relationship, at least at the dry end of the curve, have been widely published (e.g. de Vries 1963 , Farouki 1986 ; what is remarkable is that the power-law form itself seems never to have been used until quite recently.
Conclusions
We modelled the thermal conductivity of sphere/liquid/gas systems at low liquid content using finite elements. Our results support the following conclusions:
1. Some cubic geometries, such as a simple cubic lattice of spheres, can be successfully modelled in cylindrical coordinates, as shown by the excellent agreement between the FEM results and the analytical solutions. 2. Capillary bridges can cause large increases in thermal conductivity, even at very low water contents, of the form λ(θ) = λ(θ = 0) + aθ b , up to a filling angle ψ = π/4. The applicability of this expression depends on the conductivity ratio at the dry end and the porosity at the wet end. 3. The power-law form of the λ(θ ) relationship also holds when the spheres are compressed. 4. The increase in conductivity caused by capillary bridges is in excess of that predicted by composite theories, indicating that the components' spatial arrangement is important at the scale of the individual grains.
These results provide a quantitative demonstration of what has until now been a qualitative conjecture, namely that the sharp increase in conductivity with small amounts of liquid is due to increased effective particle-particle contact.
